Equivariant differential topology in an o-minimal expansion of the field of real numbers  by Kawakami, Tomohiro
Topology and its Applications 123 (2002) 323–349
Equivariant differential topology in an o-minimal expansion
of the field of real numbers
Tomohiro Kawakami
Department of Mathematics, Faculty of Education, Wakayama University, Sakaedani, Wakayama 640-8510,
Japan
Received 16 August 2000; received in revised form 3 April 2001
Abstract
We establish basic properties of differential topology for definable CrG manifolds in an o-minimal
expansionM ofR= (R,+, ·,<), where 0 r  ω and G is a definable Cr group.  2002 Elsevier
Science B.V. All rights reserved.
AMS classification: 14P10; 14P20; 57R22; 57S05; 57S15; 58A05; 58A07; 03C
Keywords: O-minimal; Definable CrG manifolds; Definable CrG vector bundles; Compactifiable;
Piecewise definable CrG triviality
1. Introduction
LetM be an expansion (in the sense of [4]) of the field of real numbersR= (R,<,+, ·).
By an open interval we mean a subset of R of the form (a, b), a, b ∈ R ∪ {−∞,+∞},
a < b. We say thatM is o-minimal if every subset of R that is definable with parameters
inM is a finite union of open intervals and points.
Many results in semialgebraic geometry over R hold true in the more general setting
of o-minimal expansions ofR. This theory of o-minimal structures has presented a strong
interest since Wilkie [27] proved that the expansion
Rexp = (R,<,+, ·, exp)
is o-minimal. See also [5,7,15,26] for other examples and constructions of o-minimal
expansions of the field of reals. General references on o-minimal structures are [4,6], see
also [22].
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The purpose of this paper is to establish basic properties of equivariant differential
topology in an o-minimal expansion of the field of real numbers. For R this includes the
situation of Nash G manifolds and Nash G vector bundles treated in [10,8].
The term “definable” is used throughout in the sense of “definable with parameters
in a fixed but arbitrary o-minimal expansion M of R”, unless otherwise stated. Such
expansions come in just two types, see [16]: the polynomially bounded type and the
exponential type. (In exponential M, the exponential function x 
→ ex :R → R is
definable.) Some results below will be stated in a stronger form for exponential M.
Approximations of maps between Cr manifolds are with respect to the strong Cr Whitney
topology, unless otherwise specified. This topology is abbreviated to the Cr topology.
We now list the main results of this paper. (See Section 2 for explanations of
terminology.) Let G be a definable Cr group, 1  r  ω (including the case r = ∞).
Let f be a G invariant surjective submersive definable Cr map from a definable CrG
manifold S to a definable Cr manifold A. We say that f is piecewise definably CrG
trivial if there exists a finite partition of A into definable Cr submanifolds Ci such that for
each Ci there exist a definable CrG diffeomorphism ki :f−1(Ci)→ Ci × f−1(ai) with
f |f−1(Ci) = pi ◦ ki , where ai ∈ Ci and pi denotes the projection Ci × f−1(ai)→ Ci .
One can also consider piecewise definableCrG triviality of surjective submersive definable
CrG maps between definable CrG manifolds. But this kind of triviality does not hold in
general. For example, it fails when f is the projection onto Sn of the tangent bundle of the
standard n-dimensional sphere Sn with the standard O(n+ 1) action for n 8 because the
action is transitive and this bundle is not trivial.
It is known that M admits the Cr cell decomposition for any non-negative integer r
(see [4, 7.3.3.2]). We say thatM admits the Cω (respectively C∞) cell decomposition if
we can take r = ω (respectively r =∞).
Theorem 1.1. LetG be a compact definableCr group and 1 r <∞. Let S be a definable
CrG submanifold of a representation of G and let A be a definable Cr submanifold of Rn.
Then every G invariant surjective submersive definable Cr map f :S → A is piecewise
definably CrG trivial. Moreover we can take r = ω (respectively r =∞) ifM admits the
Cω (respectively C∞) cell decomposition.
Let G be a definable Cr group and 0  r  ω. We say that a noncompact definable
CrG manifold is compactifiable as a definable CrG manifold if it is definably CrG
diffeomorphic (definably G homeomorphic if r = 0) to the interior of some compact
definable CrG manifold with boundary.
As an application of Theorem 1.1, we have the following result.
Theorem 1.2. Let G be a compact definable Cr group and 0  r < ∞. Then every
affine definable CrG manifold X is either compact or compactifiable as a definable CrG
manifold.
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The following is a definable version of a well-known fact on Lie groups. Our proof is
quite different from that of the fact.
Theorem 1.3. Let H be a definable Cr subgroup of a definable Cr group G and 0 r <
∞. Then G/H admits a definable CrG manifold structure such that:
(1) The projection π :G→G/H is a definable CrG map.
(2) For any map φ from G/H to a definable Cr manifold Y , φ is a definable Cr map if
and only if so is φ ◦ π .
Moreover if H is normal, then G/H is a definable Cr group with the same property.
Here the G action on G/H is G×G/H →G/H, (g,g′H) 
→ gg′H .
If M admits the Cω (respectively C∞) cell decomposition, then we can take r = ω
(respectively r =∞) in Theorem 1.3.
The following is a definable version of the structure theorem on C∞G manifolds (see
[12]). One of the good references on orbit types is Section 1.1.8 [12].
Theorem 1.4. Suppose that G is a compact affine definableC∞ group and X is a compact
definable C∞G manifold with only one orbit type G/H . Then X/G admits a unique
structure of definable C∞ manifold such that:
(1) The projection π :X→X/G is a definable C∞ map.
(2) For any definable C∞ manifold Y and a map h :X/G→ Y , h is a definable C∞
map if and only if so is h ◦ π .
(3) (X,π,X/G,G/H,N(H)/H) is a definable C∞ fiber bundle.
Replacing compactness of X by affineness of X, Theorem 1.4 except (3) remains valid
because a similar proof as for [9, 4.4] works. Remark that a compact definable C∞G
manifold is not always affine even ifM=R [10], and that ifM is exponential, then every
compact definable C∞G manifold is affine [9].
The following is a definable version of Whitney’s imbedding theorem.
Theorem 1.5. Let X be a definable Cr manifold of dimension n and 2 r <∞. IfM is
polynomially bounded, then X is definablyCr imbeddable into R2n+1. IfM is exponential
and X is compact, then we can take r =∞.
In Theorem 1.5, we cannot take r =∞ even ifM=R because there exist uncountably
many compact nonaffine Nash manifolds [20].
LetG be a compact definableC∞ group. LetΩ be a representation ofG and 0 r ∞.
A definable CrG manifold X is said to be subordinate to Ω if for each x ∈X, there exist
an open G invariant definable neighborhoodUx of x and a definable CrG imbedding from
Ux into Ωt − {0}, where Ωt denotes the t-fold direct sum of Ω for some t .
The next theorem is an equivariant version of Theorem 1.5 when X is compact.
Theorem 1.6. Let G be a compact definable C∞ group and 2  r <∞. If X is an n-
dimensional compact definable CrG manifold subordinate to a representation Ω of G,
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then every definable CrG map f :X → Ωt can be approximated in the Cr topology by
definableCrG immersions (respectively definableCrG imbeddings) if t  2n (respectively
if t  2n+ 1). Moreover if M is exponential, then for any k ∈ N, every definable C∞G
map f :X → Ωt is approximated in the Ck topology by definable C∞G immersions
(respectively definable C∞G imbeddings) if t  2n (respectively t  2n+ 1).
Let G be a compact definable Cr group and 0 r  ω. Let η be a definable CrG vector
bundle over an affine definable CrG manifold X. We say that η is strongly definable if η
admits its classifying map in the definable CrG category (see Definition 4.4). There exists
a non-strongly definable C∞ vector bundle over R even ifM=R (see [2, 12.7.9]).
We have the following results on definable C∞G vector bundles over a compact base
space.
Theorem 1.7. Let G be a compact definable C∞ group and let X be a compact affine
definable C∞G manifold. Let Y be an affine definable C∞G manifold.
(1) If 0 r <∞, then every CrG map f :X→ Y is approximated in the Cr topology
by definable C∞G maps. In particular, for any two compact affine definable C∞G
manifolds, they are definably C∞G diffeomorphic if and only if they are C1G
diffeomorphic.
(2) Let η1 and η2 be strongly definableC∞G vector bundles over X. If η1 and η2 are G
vector bundle isomorphic, then they are definably C∞G vector bundle isomorphic.
(3) Let ζ be a strongly definableC∞G vector bundle over Y . Then for any two definable
C∞G maps f1, f2 :X → Y , if they are G homotopic, then f ∗1 (ζ ) and f ∗2 (ζ ) are
definably C∞G vector bundle isomorphic.
In Theorem 1.7 (2), (3), we cannot drop the condition “strongly definable” even if
M=R [8].
Theorem 1.8. Let G be a finite group. Let X be an affine definable CrG manifold and
0 r <∞.
(1) Every definable CrG vector bundle over X is strongly definable.
(2) If 0  s  r and X is compact, then each definable CsG vector bundle over X
admits a definableCrG vector bundle structure over X. For any two definableCrG
vector bundles over X, if they are definably G vector bundle isomorphic, then they
are definably CrG vector bundle isomorphic.
(3) IfM is exponential and X is compact, then we can take r =∞ in (1) and (2).
There is a new topology of the set of definable Ck maps between affine definable Ck
manifolds (see Section 4). We call it the definable Ck topology, and it is useful to consider
approximations of maps between noncompact affine definable Ck manifolds.
Proposition 1.9. Let G be a compact definable C∞ group. Let X and Y be definable
C∞G submanifolds of representations Ω and Ξ of G, respectively, and 0 k < r <∞. If
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G is finite, or X has only one orbit type, then every definable CkG map f :X→ Y can be
approximated in the definable Ck topology by definable CrG maps.
The following two corollaries are applications of Proposition 1.9, and in Proposition 1.9
and their corollaries, we can take r =∞ ifM=R.
Corollary 1.10. Let G be a compact definable C∞ group and let X be a definable C∞G
submanifold in a representation Ω of G with only one orbit type. Let Y be an affine
definable CrG manifold and 1 r <∞. Then X and Y are definably CrG diffeomorphic
if and only they are definably C1G diffeomorphic.
In Corollary 1.10, even if M = R and G = 1, we cannot replace “definably C1G
diffeomorphic” by “C1G diffeomorphic” because there exist two affine Nash manifolds
which are C∞ diffeomorphic but not Nash diffeomorphic [21] and for any two affine
Nash manifolds, they are Nash diffeomorphic if they are C1 Nash diffeomorphic (see [23,
II.4.4]).
Corollary 1.11. Let G,X be as in Corollary 1.10 and 0  r < ∞. Let η1 and η2 be
strongly definable CrG vector bundles over X. If they are definably G vector bundle
isomorphic, then they are definably CrG vector bundle isomorphic.
This paper is organized as follows.
In Section 2, we recall definable CrG (0 r  ω) manifolds [9] and consider properties
of definable Cr(0 r  ω) groups, definable CrG (0 r  ω) manifolds, and their orbit
spaces.
Imbeddings of definable CrG manifolds generalizing Whitney’s imbedding theorem are
considered in Section 3.
In Section 4, we consider approximations of definable CsG maps by definable CrG
maps when 0 s < r ∞, and homotopy properties of definable CrG vector bundles.
2. Definable Cr groups, definable CrG manifolds, and their orbit spaces
Let K ⊂ Rn and L ⊂ Rm be definable sets. We say that a map f :K → L is definable
if the graph of (⊂ K × L ⊂ Rn × Rm) is definable. Let U ⊂ Rn and V ⊂ Rm be open
definable sets and 0  r  ω. A Cr map f :U → V is called a definable Cr map if
it is definable. A definable Cr map h :U → V is called a definable Cr diffeomorphism
(a definable homeomorphism if r = 0) if there exists a definable Cr map k :V → U such
that h ◦ k = id and k ◦ h= id.
Recall definable Cr groups and definable CrG manifolds [9].
Definition 2.1. Suppose that 0 r  ω.
(1) A definable subset X of Rn is called a d-dimensional definable Cr submanifold
of Rn if for any x ∈ X there exists a definable Cr diffeomorphism (a definable
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homeomorphism if r = 0) φx from some open definable neighborhood Ux of the
origin in Rn onto some open definable neighborhood Vx of x in Rn such that
φx(0) = x,φ(Rd ∩ Ux) = X ∩ Vx . Here Rd denotes the subset of Rn those which
the last (n− d) components are zero.
(2) A definable Cr manifold X of dimension d is a Cr manifold with a finite system of
charts {φ :Ui → Rd} such that for each i and j,φi(Ui ∩ Uj ) is an open definable
subset of Rd and the map φj ◦ φ−1i |φi(Ui ∩ Uj) :φi(Ui ∩ Uj)→ φj (U ∩ Uj) is a
definable Cr diffeomorphism (a definable homeomorphism if r = 0). We call this
atlas definable Cr . Definable Cr manifolds with compatible atlases are identified.
A subset Y of X is said to be definable if each φi(Ui ∩ Y ) is a definable subset of
R
d
. A definable subset Z of X is called a k-dimensional definable Cr submanifold
of X if each point x ∈ Z there exist an open definable neighborhood Ux of x in X
and a definable Cr diffeomorphism φx from Ux to some open definable subset Vx of
R
d such that φx(x)= 0 and Ux ∩ Y = φ−1x (Rk ∩Vx), where Rk ⊂Rd is the vectors
whose last (d − k) components are zero.
(3) Let X (respectively Y ) be a definable Cr manifold with definable Cr charts
{φi :Ui → Rn}i (respectively {ψj :Vj → Rm}j ). A Cr map f :X → Y is said to
be a definable Cr map if for any i and j , φi(f−1(Vj )∩Ui ) is open and definable in
R
n and the map ψj ◦ f ◦ φ−1i :φi(f−1(Vj )∩Ui)→Rm is a definable Cr map.
(4) LetX and Y be definableCr manifolds. We say thatX is definablyCr diffeomorphic
to Y (definably homeomorphic to Y if r = 0) if one can find definable Cr maps
f :X→ Y and h :Y →X such that f ◦ h= id and h ◦ f = id.
(5) A definable Cr manifold is said to be affine if it is definably Cr diffeomorphic
(definably homeomorphic if r = 0) to a definable Cr submanifold of some Rl .
(6) A definable Cr submanifold of Rn with boundary and a definable Cr manifold with
boundary are defined similarly.
Remark.
(a) The definition of definable subsets of a definable Cr manifold X is not depends on
the choice of definable Cr charts of X.
(b) By o-minimality, a definable Cr submanifold of Rn admits a finite family of
definableCr charts, thus it is of course a definableCr manifold. In Definition 2.1 (2),
by o-minimality,Z is covered by finitely many such neighborhoods. Hence Z is also
a definable Cr manifold.
(c) We can consider a definable Cr manifold X with possibly different dimensions on
different connected components of X. In this paper, we assume that every connected
component of a definable Cr manifold has the same dimension.
Definition 2.2. Let 0 r  ω.
(1) A groupG is called a definableCr group (respectively an affine definableCr group)
if G is a definable Cr manifold (respectively an affine definable Cr manifold) and
that the multiplicationG×G→G and the inversionG→G are definableCr maps.
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Let G be a definable Cr group.
(2) A subgroup H of G is called definable if it is a definable subset of G.
(3) A subgroup K of G is said to be a definable Cr subgroup of G if K is a definable
Cr submanifold of G.
(4) A group homomorphism (respectively an group isomorphism) between two defin-
able Cr groups is a definable Cr group homomorphism (respectively a definable Cr
group isomorphism) if it is a definable Cr map (respectively a definable Cr diffeo-
morphism (a definable homeomorphism if r = 0)).
(5) A representation map ofG is a group homomorphism from G to some On(R)which
is a definable Cr map. A representation of G means some Rn with the linear action
induced by a representation map G→On(R). In this paper, we assume that every
representation of G is orthogonal.
(6) A definable Cr submanifold of a representation Ω of G is called a definable CrG
submanifold of Ω if it is G invariant.
(7) A definable CrG manifold is a pair (X, θ) consisting of a definable Cr manifold X
and a group action θ of G on X such that θ :G×X→X is a definable Cr map. For
simplicity of notation, we write X instead of (X, θ).
(8) A definable Cr submanifold of a definable CrG manifold X is called a definable
CrG submanifold of X if it is G invariant.
One can consider definable CrG maps, definable CrG diffeomorphisms, definable G
homeomorphisms, and affine definable CrG manifolds in a similar way.
If M = R (= (R,+, ·,<)), then a definable subset of Rn is a semialgebraic subset
of it [24]. A definable Cω manifold (respectively definable Cω group, definable CωG
manifold) inR is called a Nash manifold (respectively a Nash group, a Nash G manifold).
We say that an affine definable Cω group (respectively an affine definable CωG manifold)
in R is an affine Nash group (respectively an affine Nash G manifold). Nash G manifold
structures of C∞G manifolds are studied in [10] and one-dimensional connected Nash
groups are classified by [14].
A definable subset Y of a definable set X ⊂Rn is called large if dim(X− Y ) < dimX.
By the Cr cell decomposition theorem for 0 r <∞ (see [4, 7.3.3.2]) and [17, 1.1], we
have the next lemma.
Lemma 2.3. Let X and Y be definable Cr submanifolds of Rn and Rm, respectively, and
1 r <∞. For any continuous definable map f :X→ Y , there exists an open definable
large subset Z of X such that f |Z :Z→ Y is a definable Cr map.
In Lemma 2.3, we can take r = ω (respectively r =∞) ifM admits theCω (respectively
C∞) cell decomposition.
Theorem 2.4 (see [4, 9.1.2] and [4, 6.2.5]). Let S ⊂Rn and A⊂Rm be definable sets and
let f :S→A be a continuous definable map. Then there exists a finite partition {Ai} of A
into definable sets such that each f |f−1(Ai) :f−1(Ai)→Ai is definably trivial.
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In a more general setting, the above piecewise definable triviality remains valid (see [4,
9.1.2] and [4, 6.2.5]).
A definable subset G of Rn is called a definable topological group if G is a
topological group and its group operations G × G → G and G → G are definable.
A subgroup of a definable topological group G is a definable subgroup if it is a
definable subset of G. A topological group homomorphism (respectively a topological
group isomorphism) between two definable topological groups is a definable topological
group homomorphism (respectively a definable topological group isomorphism) if it is
definable. Similarly, we can consider definable topological homomorphisms and definable
topological isomorphisms between definable Cr groups and definable topological groups.
Let G be a definable topological group. A definable G set is a pair (X, θ) consisting a
definable set X and a group action θ :G×X→ X which is a continuous definable map.
Let X and Y be two definable G sets. A G map f :X→ Y is called a definable G map if it
is definable. We say that X and Y are definably G homeomorphic if there exist continuous
definable G maps h :X→ Y and k :Y →X such that h ◦ k = id and k ◦ h= id.
One can define piecewise definable G triviality of continuous definable G maps between
definable G sets. We have a piecewise definable G trivial property of G invariant
continuous definable maps from a definableG set to a definable set, which is an equivariant
version of Theorem 2.4.
Theorem 2.5. Let G be a compact definable topological group and let S be a definable G
set in some representation Ω of G. Let A be a definable set in some Rn and let f :S→A
be a G invariant continuous definable map. Then there exists a finite partition {Ai} of A
into definable sets such that each f |f−1(Ai) :f−1(Ai)→Ai is definably G trivial.
To prove Theorem 2.5, we need some preparations.
Theorem 2.6 (see [4, 10.2.18]). Let G be a compact definable topological group and let
X be a definable G set. Then the orbit space X/G exists as a definable set and the orbit
map π :X→X/G is definable, continuous and proper.
In a more general setting, Theorem 2.6 is true (see [4, 10.2.8]).
By a way similar to [3, Theorem II.3.1], we have the following lemma.
Lemma 2.7. Let G be a compact definable topological group and let K,H be definable
subgroups of G with K ⊂ H . If X is a definable K set, then the map G ×K X →
G×H (H ×K X), [g,x] 
→ [g, [e, x]] is a definable G homeomorphism.
Proof of Theorem 2.5. By Theorem 2.6, the orbit space S/G is a definable set and the
orbit map π :S→ S/G is definable, continuous and proper. Thus we can find a continuous
definable map f :S/G → A induced from f with f = f ◦ π . By Theorem 2.4, f is
piecewise definably trivial. Thus it suffices to prove that π is piecewise definably G trivial.
Since S ⊂Ω and Ω is a representation of G,S has only finitely many orbit types, say
(H1), . . . , (Hl). Then for each (Hi), S(Hi) is a definable G subset of S because S(Hi)=
T. Kawakami / Topology and its Applications 123 (2002) 323–349 331
{x ∈ S | (Gx)= (Hi)} = {x ∈ S | ∃g ∈G gGxg−1 =Hi}. Moreover π(S(Hi))= S(Hi)/G
is also a definable subset of π(S)= S/G. Considering the restriction π |S(Hi) :S(Hi)→
S(Hi)/G of π , we may assume that S has only one orbit type, say (H).
Then the H fixed point set SH = {s ∈ S | hs = s ∀h ∈ H } is a closed N subset of S,
where N denotes the normalizer of H which is a closed definable subgroup of G. The map
α :G ×N SH → S,α([g,x]) = gx is a definable G homeomorphism because the graph
of α is the image of that of the restriction on G × SH of the action map G × S → S
by the projection π1 :G× SH →G×N SH . Moreover the inclusion j :SH → S induces
a definable homeomorphism β :SH/N → S/G. By Theorem 2.4, there exists a finite
partition {Ai}ki=1 of SH /N into definable sets such that for each i , there exists a definable
homeomorphism φi :N/H ×Ai → π−1H (Ai) with πH ◦φi = p1, where πH :SH → SH /N
denotes the orbit map and p1 stands for the projection N/H ×Ai →Ai .
Let Bi = β(Ai). Since H acts trivially on Ai, N ×H Ai ∼=N/H ×Ai and G×H Ai ∼=
G/H ×Ai . Thereforeψi :G/H ×Bi → π−1(Bi),ψi(gH,x)= g · (j ◦φ(eH,β−1(x))) is
a definable G homeomorphism because Lemma 2.7 and
G/H ×Bi ∼= G/H ×Ai ∼=G×H Ai ∼=G×N (N ×H Ai)
∼= G×N (N/H ×Ai)∼=G×N π−1H (Ai)
∼= G×N (π−1(Bi))H ∼= π−1(Bi). ✷
By the classical inverse function theorem, we have the inverse function theorem for
definable Cr maps.
Theorem 2.8. Let f :U → Rn be a definable Cr map on an open definable set U ⊂ Rn
and 1  r  ω. If a ∈ U is a point such that the Jacobian daf :Rn → Rn of f at a is
invertible, then there exist open definable neighborhoodsU ′ ⊂U of a and V ′ of f (a) such
that f :U ′ → V ′ is a definable Cr diffeomorphism.
Let G be a definable Cr group, X and Y definable Cr manifolds, and r > 0. Suppose
that f :X → Y is a definable CrG imbedding. Then by Theorem 2.8, the remark after
Definition 2.1, and an argument similar to C∞G manifold cases, f (X) is a definable CrG
submanifold of Y and f :X→ f (X) is a definable CrG diffeomorphism .
We consider definable CrG triviality and piecewise definable CrG triviality of definable
CrG maps. Let G be a definable Cr group and 0 r  ω. Let S and A be definable CrG
manifolds and let f :S→A be a surjective definable CrG map. We say that f is definably
CrG trivial, if there exist a definableCrG manifold F and a definableCrG map h :S→ F
such that (f,h) :S→A× F, (f,h)(s)= (f (s), h(s)) is a definable CrG diffeomorphism
(a definable G homeomorphism if r = 0).
Assume that f is submersive and G invariant. If f :S → A is definably CrG trivial
and r  1, then for every a ∈ A the fiber f−1(a) of a is a definable CrG submanifold
of S which is definably CrG diffeomorphic to F . Hence one can find a definable CrG
diffeomorphism φ :S→A× f−1(a) such that f = p ◦ φ, where p denotes the projection
A× f−1(a)→A.
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We call f piecewise definably CrG trivial if there exists a finite partition {Ci} of A into
definable CrG submanifolds of A such that each f−1(Ci) is a definable CrG submanifold
of S and every f |f−1(Ci) :f−1(Ci)→Ci is definably CrG trivial.
Proof of Theorem 1.1. We proceed by induction on dimS. If dimS = 0, the result is clear.
Assume dimS = k > 0. Using [4, 10.1.8],G is definably topologically group isomorphic to
a definable topological group. By Theorem 2.5, there exists a finite partition {Dj } of A into
definable sets such that each f |f−1(Dj ) :f−1(Dj )→Dj is definably G trivial. Using a
Cr cell decomposition of A compatible with {Dj }, we may assume that each member of
{Dj } is a definable Cr submanifold of A.
Let Sj = f−1(Dj ). Then Sj is a definable CrG submanifold of S. We have only
to consider f |Sj :Sj → Dj with dimS = k. If dimSj < k, then f |Sj :Sj → Dj is
piecewise definably CrG trivial by the inductive hypothesis. Note that f |Sj :Sj → Dj
is a submersion.
Since f |Sj :Sj →Dj is definably G trivial, there exists a continuous definable G map
hj :Sj → Fj such that (f |Sj ,hj ) :Sj → Dj × Fj is a definable G homeomorphism,
where Fj = f−1(aj ), aj ∈Dj . Applying Lemma 2.3 to hj , we have a closed G invariant
definable subset S′j of Sj such that dimS′j < k and hj |Sj − S′j :Sj − S′j → hj (Sj − S′j )⊂
Fj is a definable CrG map. Since Sj − S′j is open and G invariant in Sj , f (Sj − S′j )
is an open G invariant definable subset of f (Sj ). Thus (f,hj )|Sj − S′j :Sj − S′j →
f (Sj − S′j )× hj (Sj − S′j ) is a definable CrG map. Applying the same argument to the
inverse of (f,hj )|Sj −S′j , we have a closed G invariant definable subset Wj of Sj −S′j and
a closed G invariant definable subset W ′j of f (Sj − S′j )× hj (Sj − S′j ) such that dimWj ,
dimW ′j < k and (f,hj )|(Sj−S′j−Wj) :Sj−S′j−Wj → (f (Sj−S′j )×hj (Sj−S′j ))−W ′j
is a definable CrG diffeomorphism. Take a Cr cell decomposition {Ulj } of Sj − S′j −Wj .
Thus each (f,hj )|Ulj :Ulj → f (Ulj )×hj (Ulj ) is a definable CrG diffeomorphism because
(f,hj )(Wj )=W ′j .
Take a Cr cell decomposition {Tλ} of f (S′j ∪Wj ). Then each f−1(Tλ) is a definable
CrG submanifold of S and f |f−1(Tλ) :f−1(Tλ)→ Tλ satisfies the inductive hypothesis.
Thus it is piecewise definably CrG trivial. Therefore the proof of the first half is complete.
The latter half follows similarly. ✷
Even in the non-equivariant category, f :S → A is not always definably trivial. For
example, let S = {(x, y)∈R2 | x2 + y2 = 1} ∪ {(x, y) ∈R2 | y = 2} ⊂R2, A=R, f :S→
A,f (x, y)= x . Then f is a surjective submersive definable Cω map, and it is piecewise
definably Cω trivial but not definably trivial.
Theorem 2.9 [6]. Let A⊂Rn be a closed definable set and 0 r <∞. Then there exists
a definable Cr function f on Rn with A= f−1(0).
Proposition 2.10. Let G be a compact definable Cr group and let X be a definable CrG
manifold in a representationΩ of G and 0 r <∞. Then X is definablyCrG imbeddable
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into Ω × R2 such that X is bounded and X − X consists of at most one point, where X
denotes the closure of X.
Proof. We may assume that X is noncompact. Then X − X is a G invariant closed
definable subset of Ω . Let π :Ω → Ω/G⊂ Rs denote the orbit map. Then i ◦ π :Ω →
R
s is a proper polynomial map (see [9, Section 4]), where i :Ω/G→ Rs denotes the
inclusion. Hence i ◦π |X−X :X−X→Rs is proper because X−X is closed in Ω . Thus
i ◦ π(X −X) (= π(X − X)) is a closed definable subset of Rs . Applying Theorem 2.9,
there exists a definable Cr function f :Rs → R with π(X − X) = f−1(0). Hence F :=
f ◦ π :Ω → R is a G invariant definable Cr function with X − X = F−1(0). Therefore
replacing X by the graph of 1/F , we may assume that X is closed in Ω ×R. Applying the
stereographic projection s :Ω ×R→ S(Ω ×R2), s(X) satisfies our requirements, where
S(Ω ×R2) denotes the standard sphere of Ω ×R2. ✷
Proof of Theorem 1.2. Let X be a noncompact affine definable CrG manifold. By
Proposition 2.10, one can find a representation Ω of G and a definable CrG imbedding
i :X → Ω such that i(X) is bounded and i(X) − i(X) = {0}, where i(X) denotes the
closure of i(X) in Ω .
Let f : i(X) → R, f (x) = ‖x‖−1, where ‖x‖ denotes the standard norm of x in Ω .
Let r > 0. Applying Theorem 1.1, one can find a positive integer k and a definable
CrG diffeomorphism h =: (f,h1) :f−1((k,∞))→ (k,∞)× f−1(k). If k is sufficiently
large, then f−1([0, k + 1]) is a compact definable CrG manifold with boundary. Hence
using h, i(X) is definably CrG diffeomorphic to f−1([0, k + 1)) which is the interior of
f−1([0, k+ 1]).
The case r = 0 is proved in a similar way using Theorem 2.5. ✷
Petrie [18] proved that if G is a compact Lie group, then any nonsingular algebraic G
set is either compact or compactifiable as a C∞G manifold, namely it is either compact
or C∞G diffeomorphic to the interior of some compact C∞G manifold with boundary.
An argument similar to his proof works for the next proposition because the number of
connected components of the zeros of a definable C∞ map is finite.
Proposition 2.11. Let G be a compact definable C∞ group and let X be a non-compact
affine definable C∞G manifold. Then X is compactifiable as a C∞G manifold.
Theorem 2.12. Let G be a definable topological group and 0 r <∞. Then there exists
a unique definable Cr group G′ such that G is definably topologically isomorphic to G′
up to definable Cr group isomorphism. Moreover any definable subgroup of G is closed.
Theorem 2.12 is obtained, using [17, 1.10], in a similar way as [19, 2.5] and [19, 2.8]
since the group operations of G are continuous.
If M admits the Cω (respectively C∞) cell decomposition, then we can take r = ω
(respectively r =∞) in Theorem 2.12 and Corollary 2.13.
334 T. Kawakami / Topology and its Applications 123 (2002) 323–349
If we do not assume that the group operations of G are continuous, then the topology
of a definable Cr group structure G′ of G does not necessarily coincide with the original
topology of G. Let M = R, and let G = {(x, y) ∈ R2 | x  0, y = 0 or x < 0, y = 1}
⊂ R2. Then G becomes a group with semialgebraic group operations. The Nash group
structure G′ of G obtained in [19] is R= {(x,0) ∈R2 | x ∈R}. Hence there exists a semi-
algebraic bijection between G and G′, but G is not homeomorphic to G′.
Corollary 2.13. If 0  r < ∞, then the definable Cr group isomorphism classes
of definable Cr groups corresponds bijectively to the definable topological group
isomorphism classes of definable topological groups.
Remark 2.14. If M admits the Cω (respectively C∞) cell decomposition, then the
underlying space of a definable Cω group (respectively a definable C∞ group) is a
definable subset of some Rn.
Proof. Let G be a definable Cω (respectively C∞) group. By [4, 10.1.8], G is definably
imbeddable into some Rn. Thus its image G′ becomes a definable topological group
such that the imbedding is a definable topological isomorphism. Since M admits the
Cω (respectively C∞) cell decomposition and by Theorem 2.12, G′ admits a definable
Cω (respectively C∞) group structure. Using [17, 1.12], G and G′ are definable Cω
(respectively C∞) group isomorphic. ✷
Note that every definable Cr group is definably topologically group isomorphic to
a definable topological group. Hence we have the following by [17, 2.17], which is a
definable version of a well-known fact that a closed subgroup H of a Lie group G is a
Lie subgroup.
Theorem 2.15. Let G be a definable Cr group and 0  r <∞. Then every definable
subgroup of G is a definable Gr subgroup of G.
If M admits the Cω (respectively C∞) cell decomposition, then in Theorem 2.15 we
can take r = ω (respectively r =∞).
In particular, in the Nash category, we have the following corollary because R =
(R,+, ·,<) admits the Cω cell decomposition.
Corollary 2.16. A semialgebraic subgroup of a Nash group is a Nash subgroup.
In general, a closed subgroup of a definable group is not necessarily a definable
subgroup. For example, if G = R and H = Z, then H is a closed Lie subgroup but not
a definable one.
Proposition 2.17 (see [17, 2.12]). Let X be a definable set with definable transitive action
of a definable group and let Y be a large definable subset of X. Then finitely many
translates of Y cover X.
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Proof of Theorem 1.3. By the proof of Remark 2.14, every definable Cr group is
definably topologically group isomorphic to a definable topological group. Note that M
has elimination of imaginaries. Thus if H is a definable subgroup of a definable topological
group G, then we can consider G/H as a definable object (see [17]). By Theorem 2.19
below, G/H admits a definable CrG manifold structure such that π is a definable map.
Using [17, the proof of 1.11], π is a definable Cr map.
Applying (the non-equivariant version of) Theorem 1.1, there exists a finite parti-
tion {C1, . . . ,Ck} of G/H into definable Cr submanifolds of G/H such that each
π |π−1(Ci) :π−1(Ci)→ Ci is definably Cr trivial. Thus, each π |π−1(Ci) admits a defin-
able Cr section si :Ci → π−1(Ci). Let V be the union of Int Ci with dimCi = dimG/H .
Then V is open and large in G/H , and π |π−1(V ) :π−1(V )→ V admits a definable Cr
section. Hence by Proposition 2.17, finitely many translates of V cover G/H . Thus there
exists a finite open definable covering {Vl} of G/H such that each π |π−1(Vl) :π−1(Vl)→
Vl admits a definable Cr section. Hence property (2) is proved because π admits a local
definable Cr section.
If H is normal, then G/H is a group. By the above argument, G/H is a definable Cr
manifold. Therefore using property (2), G/H becomes a definable group. ✷
Applying Theorem 1.3 to the Nash case, we obtain the following corollary because
R= (R,+, ·,<) admits the Cω cell decomposition.
Corollary 2.18. Let G be a Nash group and let H be a normal Nash subgroup of G. Then
G/H is a unique Nash group structure such that:
(1) The projection π :G→G/H is a Nash map.
(2) For any map φ from G/H to a Nash manifold Y , φ is a Nash map if and only if so
is φ ◦ π .
We are concerned with definable CrG manifold structures on definable sets with
transitive continuous definableG actions, whereG is a definableCr group and 0 r <∞.
It is a refinement of [17, 2.11].
Theorem 2.19. Let G be a definable Cr group, and let X be a definable G set contained
in Rn with transitive continuous definable G action and 0  r <∞. Then X admits a
definableCr manifold structure such that it makes X a definableCrG manifold. Moreover
the definable G homeomorphism classes of transitive continuous definable G action on X
corresponds bijectively to the definableCrG diffeomorphism classes of transitive definable
CrG manifold structures of X.
If M admits the Cω (respectively C∞) cell decomposition, then in Theorem 2.19 we
can take r = ω (respectively r =∞).
Proof. By the proof of Remark 2.14, G is definably topologically group isomorphic to a
definable topological group. Take a Cr cell decomposition of G. Let U1, . . . ,Uk be the
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cells of dimension n := dimG. Thus the disjoint union G′ :=∐ki=1 Ui is open and large
in G. Since each Ui is definably homeomorphic to an open definable subset of Rn, there
exists a definable homeomorphism from G′ to an open definable subset of Rn. In the same
way, we have an open large definable subset of X′ of X which is definably homeomorphic
to some open definable subset of Rl , where l = dimX. Let V1 :=G′X′ ∩X′. Then V1 is
open and large in X, and by [17, 1.1], there exists an open large subset Y of G′ ×X′ such
that φ(Y )⊂ V1 and φ is of class Cr on Y , where φ denotes the action map φ :G×X→X.
We can find an open large subset X′′ of X′ such that for every a ∈X′′, if g is generic in
G over a, then (g, a) ∈ Y and (g, g−1a) ∈ Y as in [17, the proof of 2.13].
For any g ∈G,X′′ ∩ g−1X′′ is open because the group operations of G are continuous.
Thus the map X′′ ∩ g−1X′′ →X′′ defined by x 
→ gx is a Cr map by [17, 2.13].
Since the group operations are continuous, for any g ∈ G, gX′′ is open and large in
X. Thus by Proposition 2.17, there exist g1, . . . , gs ∈G such that X =⋃si=1 giXi , where
Xi = giX′′. Let φi :Xi →X′′, φi(x)= g−1i x . Then a finite system of charts {Xi,φi}si=1 is
a definable Cr atlas on X, and for any g ∈G, the map x 
→ gx is a Cr map in this manifold
structure on X. Therefore under this manifold structure of X, X becomes a definable CrG
manifold.
To prove the latter half, we have to construct a continuous definable G action on a
definable subset Y of some Rm from a definable CrG manifold X. Using [4, 10.1.8], X is
definably homeomorphic to definable subset Y of some Rm. This homeomorphism induces
a continuous definable G action on Y making it a definable G homeomorphism. If Z is a
definable CrG manifold which is definably CrG diffeomorphic to X, then the definable
subset Y ′ of some Rk with continuous definable G action obtained from Z is definably G
homeomorphic to Y . Therefore the latter half is proved. ✷
In the Nash category, we have the following corollary because R= (R,+, ·,<) admits
the Cω cell decomposition.
Corollary 2.20. Let G be a Nash group and let X be a semialgebraic subset of Rn with
transitive continuous semialgebraic action. Then X admits a unique Nash G manifold
structure up to Nash G diffeomorphism.
An argument similar to the proof of Theorem 1(1) [10] shows that if G is a compact Lie
group and X is a compactC∞G manifold, then X is C∞G diffeomorphic to an affine Nash
G manifold Y . Using this fact and Theorem 2.19, we can drop the affineness condition on
G in Theorem 1(2) [10].
Corollary 2.21. Let G be a compact Nash group and let X be a compact C∞G manifold
with transitive action. Then X is C∞G diffeomorphic to an affine Nash G manifold Y
such that for any Nash G manifold Z which is C∞G diffeomorphic to Y,Z is Nash G
diffeomorphic to Y .
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Proposition 2.22. Let G be a compact definable Cr group and 1  r <∞. Let X be a
definable CrG manifold and x ∈X. Then the orbit G(x) is a definable CrG submanifold
of X.
IfM admits the Cω (respectively C∞) cell decomposition, then in Proposition 2.22 we
can take r = ω (respectively r =∞).
Proof. By Theorem 1.3, G/Gx is a definable CrG manifold. Since G is compact,
f :G/Gx → X,f (gGx) = gx is a CrG imbedding. Let f :G → X,f (g) = gx . Then
f is a definable CrG map. Hence by Theorem 1.3, f is a definable Cr map. Thus f is a
definable Cr imbedding. Therefore G(x) is a definable CrG submanifold of X and f is a
definable CrG diffeomorphism onto G(x). ✷
LetG be a compact affine definableC∞ group. Let X be a definable C∞G manifold and
let x ∈X. AGx invariant definableC∞ submanifold S of X is called a linear definableC∞
slice at x in X if there exist a representation Ω of Gx and a definable C∞Gx imbedding
j :Ω → X such that j (Ω) = S, j (0) = x , GS is open in X,S is affine as a definable
C∞Gx manifold, and
µ :G×Gx S→ GS (⊂X), [g,x] 
→ gx
is a definable C∞G diffeomorphism.
Theorem 2.23 [9]. Suppose that G is a compact affine definable C∞ group, X is a
definable C∞G manifold, and that x ∈X. Then there exists a linear definable C∞ slice at
x in X.
The following proposition is obtained in a way similar to the usual equivariant Nash
cases [10].
Proposition 2.24. Let r =∞ or ω and let G be a compact definable Cr group.
(1) Every definable CrG submanifold X of a representation Ω of G has a definable
CrG tubular neighborhood (U,p) of X in Ω .
(2) Any compact affine definableCrGmanifoldX with boundary ∂X admits a definable
CrG collar, namely there exists a definable CrG imbedding φ : ∂X × [0,1] → X
such that φ|∂X× 0 = id∂X , where the action the closed unit interval [0,1] is trivial.
Proposition 2.25. Let G be a compact definableC∞ group and let X be a definableC∞G
manifold. Then the fixed point set XG is a definable C∞ submanifold closed in X.
Proof. Since XG = {x ∈ X | gx = x, ∀g ∈ G} and G acts on X continuously and
definably, XG is a closed definable subset of X.
Take x ∈XG. Then by Theorem 2.23, x has an openG invariant definable neighborhood
U in X such that U is affine definable C∞G manifold. Hence we may assume that X is
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affine. Since Gx = G, a definable C∞G tubular neighborhood of {x} is f :Tx(X)→ X.
Then f is a definable C∞G imbedding and Tx(X)G is a linear subspace of Tx(X) and
f
(
Tx(X)
)∩XG = f (Tx(X)G). ✷
Definition 2.26. Let 0 r  ω.
(1) A topological fiber bundle η= (E,π,X,F,K) is called a definable Cr fiber bundle
over X with fiber F and structure group K if the following two conditions are
satisfied:
(a) The total space E and the base space X are definable Cr manifolds, the structure
group K is a definable Cr group, the fiber F is a definable CrK manifold with
effective action, and the projection π :E→X is a definable Cr map.
(b) There exists a finite family of local trivializations (Ui,φi :π−1(Ui)→Ui ×F)i
of η such that each Ui is an open definable subset of X, {Ui}i is a finite covering
of X. For any x ∈ Ui , let φi,x :π−1(x)→ F, φi,x(z) = p′i ◦ φi(z), where p′i
stands for the projection Ui × F → F . For any i and j with Ui ∩ Uj = ∅,
the transition function θji := φj,x ◦ φ−1i,x :Ui ∩Uj →K is a definable Cr map.
We call these trivializations definable Cr . Definable Cr fiber bundles with
compatible local trivializations are identified.
(2) Let η = (E,π,X,F,K) and ζ = (E′,π ′,X′,F,K) be definable Cr fiber bundles
whose local trivializations are (Ui,φi)i and (Vj ,ψj )j , respectively. A definable Cr
map f :E→ E′ is said to be a definable Cr bundle morphism if the following two
conditions are satisfied:
(a) There exists a definable Cr map f :X→X′ such that f ◦ π = π ′ ◦ f .
(b) For any i, j such that Ui ∩f −1(Vj ) = ∅ and for any x ∈ Ui ∩f−1(Vj ), the map
fji(x) := φ′j,f(x) ◦ f ◦ φ−1i,x :F → F lies in K , and fji :Ui ∩ f−1(Vj )→K is a
definable Cr map.
We say that f :E → E′ is a definable Cr fiber bundle isomorphism if X =
X′, f = idX and there exists a definable Cr fiber bundle morphism f ′ :E′ →E
such that f ′ = idX,f ◦ f ′ = id, and f ′ ◦ f = id.
(3) A continuous section s :X→E of a definable fiber bundle η= (E,π,X,F,K) is a
definable Cr section if for any i , the map φ ◦ s|Ui :Ui → Ui × F is a definable Cr
map.
(4) We say that a definable Cr fiber bundle is a principal definable Cr fiber bundle if
F =K and the K action on F is defined by the multiplication of K .
(5) A definable Cr vector bundle is a definable fiber bundle with fiber Rn and structure
group GLn(R).
(6) Let η1 = (E,p,X) and η2 = (E′,p′,X) be definable Cr vector bundle over X.
A definable Cr vector bundle morphism η1 → η2 is a definable Cr map f :E→E′
such that p = p′ ◦ f and f is linear on each fiber. A definable Cr vector bundle
morphism h :η→ ζ is said to be a definable Cr vector bundle isomorphism if there
exists a definable Cr vector bundle morphism h : ζ → η such that h ◦ h = id and
h ◦ h= id.
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Theorem 2.27. Let G be a compact affine definable C∞ group and let X be a compact
definable C∞ manifold with free G action. Then X/G admits a unique structure of
definable C∞ manifold such that:
(1) The projection π :X→X/G is a definable C∞ map.
(2) For any definable C∞ manifold Y and a map h :X/G→ Y , h is a definable C∞
map if and only if so is h ◦ π .
(3) (X,π,X/G,G) is a principal definable C∞ fiber bundle whose fiber is G.
Proof. By Theorem 2.23 and since G acts on X freely, for any x ∈ X, there exist a
vector space Vx and a definable C∞G imbedding fx :G × Vx → X onto some open
G invariant definable subset Ux of X such that fx(e,0) = x . Then the induced map
f x : (G× Vx)/G→X/G obtained from fx is an imbedding.
Let jx :Vx → G × Vx, jx(v) = (e, v) and let πx :G × Vx → (G × Vx)/G be the
projection. Then kx := π ◦ jx :Vx → (G× Vx)/G is a homeomorphism. Let [Vx] = fx ◦
kx(Vx). Then ψx := (fx ◦ kx)−1 : [Vx] → Vx is a chart around π(x). Since X is compact,
X/G is compact. Thus one can take a finite family of charts {[Vxi ],ψxi : [Vxi ] → Vxi }i of
X/G.
An argument similar to [12, 4.11] proves that X/G is a definable C∞ manifold
with definable charts {[Vxi ],ψxi : [Vxi ] → Vxi } satisfying (1), (2) and (3). Uniqueness of
definable C∞ manifold structure of X/G follows from (2). ✷
In the above proof, we only use compactness of X to prove finiteness of its charts. In
Theorem 2.27 if X is affine, then X/G admits a unique definable C∞ manifold structure
satisfying (1) and (2) [9].
By a way similar to [12, the proof of 4.18], we have Theorem 1.4 which is a slightly
general version of Theorem 2.27.
3. Generalization of Whitney’s imbedding theorem
Proof of Theorem 1.5. If M is polynomially bounded, then we may assume that X is
affine. Thus it is either compact or compactifiable by Theorem 1.2. Hence we may suppose
that X is affine and compact at the beginning. Since r  2, applying an argument similar to
[25, the proof of 1.4], any definableCr map f :X→R2n+1 can be approximated in the Cr
topology by injective definable Cr immersions. Hence there exists an injective definable
Cr immersion h :X→R2n+1. Since X is compact, h is a definable Cr imbedding.
IfM is exponential, r =∞ and X is compact, then X is definably C∞ imbeddable into
some Rl by [9]. Hence X is definably C∞ imbeddable into R2n+1 by a way similar to the
above argument. ✷
To prove Theorem 1.6, we prepare some results.
By a way similar to [25, the proofs of 1.1–1.4], we have the following proposition.
Proposition 3.1. Let G be a compact definable C∞ group and let 2  r ∞. Suppose
that X is a compact definable CrG manifold of dimension n admitting a definable Cr
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immersion (respectively a definable Cr imbedding) into the t-fold direct sum Ωt of a
representationΩ ofG for some t . Then for any k with k  r and k <∞, any definableCrG
map f :X → Ω2n (respectively f :X → Ω2n+1) can be Ck approximated by definable
CrG immersions (respectively definable CrG imbeddings).
Lemma 3.2. Let G be a compact definable C∞ group. Suppose that D1 and D2 are open
balls in a representation Ω of G of radius a and b with same center the origin and a < b.
If A,B ∈R, A = B and 0 r <∞, then there exists a G invariant definable Cr function
f on Ω such that f = A on D1 and f = B on Ω −D2. Moreover ifM is exponential,
then we can take r =∞.
Proof. We may assume that A = 1 and B = 0. First we construct the required function
when Ω =R. Let D1 = (−a, a), D2 = (−b, b). Take a definable Cr function
F :R→R, F (x)=
{0 if x  0,
xr+1 if x > 0.
Then the function
ψ :R→R, ψ(x)= F(b− x)F (b+ x)/(F(b− x)F (b+ x)+ F (x2 − a2))
is the required function.
Thus for a general representation Ω of G,f :Ω → R, f (x) = ψ(‖x‖) is the required
function, where ‖x‖ denotes the standard norm of x in Ω .
IfM is exponential, then in the above argument, replacing F(x) by
H(x) :=
{
0 if x  0,
e−1/x if x > 0,
we have the lemma. ✷
Proof of Theorem 1.6. Since X is compact and subordinate to Ω , one can find a finite
set {xi}ki=1 of points in X and two finite families {Ui}ki=1 and {Vi}ki=1 of open definable
G invariant subsets of X such that xi ∈ Vi ⊂ Ui,X =⋃ki=1 Vi and that each Ui admits
a definable CrG imbedding fi :Ui → Ωt(i) − {0} such that fi(Ui) (respectively fi(Vi))
lies in the 2ε-neighborhood (respectively the ε-neighborhood) of fi(xi) in Ωt(i)− {0}, for
some t (i) ∈N and some ε > 0. We may replace t (i) by t , where t = max1ik t (i). Using
Lemma 3.2, we can find G invariant definable Cr functions λi :X→ R,1  i  k such
that 0 λi  1, λ(Vi)= 1 and λi(X−U )= 0. Hence a definable CrG map
F :X→Ωkt
defined by
F(x)= (λ1(x)f1(x), . . . , λk(x)fk(x))
is an immersion, where each λifi is extended to 0 outside of Ui . Assume F(x)= F(y). If
x, y ∈ Vi , then λi(x)= λi(y)= 1. Thus fi(x)= fi(y) and x = y . If x ∈ Vi, y /∈ Ui , then
λi(x)= 1, λi(y)= 0. Thus this case cannot occur because fi(Ui) ⊂Ωt − {0}. Similarly,
the case where x ∈ Vi, y ∈ Ui − Vi does not occur. Hence F is injective. Since X is
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compact, F is a definable CrG imbedding. By Proposition 3.1, we complete the proof
of the first case.
IfM is exponential, then using Lemma 3.2, one can prove in a way similar to the first
case. ✷
4. Approximations of definable G maps, and definable CrG vector bundles
Definition 4.1. Let G be a definable Cr group and 0 r  ω.
(1) A definable CrG vector bundle is a definable Cr vector bundle η = (E,p,X)
satisfying the following three conditions.
(a) The total space E and the base space X are definable CrG manifolds.
(b) The projection p :E→X is a definable CrG map.
(c) For any x ∈X and g ∈G, the map p−1(x)→ p−1(gx) is linear.
(2) Let η and ζ be definable CrG vector bundles over X. A definable Cr vector bundle
morphism η→ ζ is called a definableCrG vector bundle morphism if it is a G map.
A definable CrG vector bundle morphism f :η→ ζ is said to be a definable CrG
vector bundle isomorphism if there exists a definable CrG vector bundle morphism
h : ζ → η such that f ◦ h = id and h ◦ f = id. If r = 0, then a definable C0G
vector bundle (respectively a definable C0G vector bundle morphism, a definable
C0G vector bundle isomorphism) is simply called a definable G vector bundle
(respectively a definable G vector bundle morphism, a definable G vector bundle
isomorphism).
(3) A definable Cr section of a definable CrG vector bundle is a definableCrG section
if it is a G map.
Typical examples of definable CrG vector bundles are algebraic G vector bundles over
a nonsingular algebraic G set and Nash G vector bundles.
Recall universal G vector bundles and the averaging process of Cr maps from a CrG
manifold to a representation of G.
Definition 4.2. Let G be a compact definable Cr group and 0  r  ω. Let Ω be an
n-dimensional representation of G and let B be the representation map G → On(R)
of Ω . Suppose that M(Ω) denotes the vector space of n × n-matrices with the action
(g,A) ∈G×M(Ω)→ B(g)AB(g)−1 ∈M(Ω). For any positive integer k, we define the
vector bundle γ (Ω,k)= (E(Ω,k),u,G(Ω,k)) as follows:
G(Ω,k)= {A ∈M(Ω) |A2 =A, A= A′,TrA= k},
E(Ω,k)= {(A,v) ∈G(Ω,k)×Ω |Av = v},
u :E(Ω,k)→G(Ω,k): u((A,v))=A,
where A′ denotes the transposed matrix of A and TrA stands for the trace of A. Then
γ (Ω,k) is an algebraic vector bundle. Since the action on γ (Ω,k) is algebraic, it is an
algebraic G vector bundle. We call it the universal G vector bundle associated with Ω and
342 T. Kawakami / Topology and its Applications 123 (2002) 323–349
k. Remark that G(Ω,k)⊂M(Ω) and E(Ω,k)⊂M(Ω)×Ω are nonsingular algebraic G
sets.
Let G be a compact Lie group and 0 r  ω. Let f be a map from a CrG manifold X
to a representation Ω of G. Denote the Haar measure of G by dg and let Cr(X,Ω) denote
the set of Cr maps from X to Ω . Define
A :Cr(X,Ω)→Cr(X,Ω), A(f )(x)=
∫
G
g−1f (gx)dg.
In particular, if G= {g1, . . . , gn} then A(f )(x)= (1/n)∑ni=1 g−1i f (gix).
By an observation similar to [11, 2.6] shows the following.
Proposition 4.3. Let G be a compact definable C∞ group.
(1) A (f ) is equivariant, and A(f )= f if f is equivariant.
(2) If 0 r ∞ and f ∈ Cr(X,Ω), then A(f ) ∈ Cr(X,Ω).
(3) If f is a polynomial map, then so is A(f ).
(4) If X is compact and 0  r <∞, then A :Cr(X,Ω)→ Cr(X,Ω) is continuous in
the Cr topology.
(5) If G is a finite group and 0  r  ω, X is a definable CrG manifold and f is a
definable Cr map, then A(f ) is a definable CrG map.
Definition 4.4. LetG be a compact definableCr group and 0 r  ω. Let η be a definable
CrG vector bundle over an affine definable CrG manifold X. We say that η is strongly
definable if there exist a representationΩ of G and a definableCrG map f :X→G(Ω,k)
such that η is definably CrG vector bundle isomorphic to f ∗(γ (Ω,k)), where k denotes
the rank of η.
By a way similar to [8, the proof of 3.1], we have the following
Proposition 4.5. Let G be a compact definable Cr group and 0  r  ω. Let η and ζ
be strongly definable CrG vector bundles over an affine definable CrG manifold. Then
Hom(η, ζ ) is also a strongly definable CrG vector bundle.
To prove Theorem 1.7, we need the following.
Theorem 4.6 [1,13]. Let G be a compact Lie group. Let X be a paracompact G space
and let Y be a G space. If f,h :X→ Y are G homotopic continuous G maps and η is a G
vector bundle over Y , then f ∗(η) and h∗(η) are G vector bundle isomorphic.
Proof of Theorem 1.7. (1) Let Ω be a representation of G including Y as a definable
C∞G submanifold. By Proposition 2.24, one can find a definable C∞G tubular
neighborhood (U,q) of Y in Ω . Let f ′ = i ◦ f , where i :Y → Ω denotes the inclusion.
Applying the polynomial approximation theorem, one can find a polynomial map p :X→
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Ω as a Cr approximation of f . After averaging p, we may assume that p is a polynomial
G map by Proposition 4.3. If this approximation is sufficiently close, then the image of p
lies in U . Thus q ◦ p is the required approximation.
The latter half of (1) follows from the first half of it.
(2) By Proposition 4.5, Hom(η1, η2) is also a strongly definable C∞G vector bundle.
Thus one can find a representation Ξ of G and a definable C∞G map F :X→G(Ξ,k)
such that Hom(η1, η2) and F ∗(γ (Ξ, k)) are definably C∞G vector bundle isomorphic,
where k denotes the rank of Hom(η1, η2). Hence we can identify a continuous G section
(respectively a definable C∞G section) s of Hom(η1, η2) with a continuous G map
(respectively a definable C∞G map) s′ :X → Ξ such that F(x)s′(x) = s′(x) for any
x ∈X.
Since η1 and η2 are G vector bundle isomorphic, then this isomorphism determines a
continuous G section s of Iso(η1, η2) ⊂ Hom(η1, η2). Hence it defines a continuous G
map s′ :X→Ω such that F(x)s′(x)= s′(x) for any x ∈X. By (1), there exists a definable
C∞G map s′′ :X→Ω as an approximation of s′. Thus s¯(x) := F(x)s′′(x) is a definable
C∞G section of Hom(η1, η2) because F(x)s¯(x) = F 2(x)s′′(x) = F(x)s′′(x) = s¯(x) for
any x ∈X. If this approximation is sufficiently close, then s¯ lies in Iso(η1, η2). Therefore
η1 and η2 are definably C∞G vector bundle isomorphic.
(3) By Theorem 4.6, f ∗1 (ζ ) and f ∗2 (ζ ) are G vector bundle isomorphic. Hence (3)
follows from (2). ✷
Let G be a compact definable Cr group and 0 r  ω. Let η= (E,π,X) be a definable
CrG vector bundle over an affine definable CrG manifold X. Then the set Γ (E) of Cr
global sections of E has the natural G action, namely (g · s)(x) = g(s(g−1(x))), s ∈
Γ (E),g ∈G and x ∈X.
Lemma 4.7. Let G be a finite group and 0  r  ω. Let η = (E,π,X) be a definable
CrG vector bundle over an affine definable CrG manifold X. Then η is strongly definable
if and only if there exists a finite family of (non-equivariant) definable Cr sections
s1, . . . , sn :X→ E such that each fiber π−1(x) is generated by s1(x), . . . , sn(x) and that
s1, . . . , sn generate a finite dimensional G invariant vector subspace of Γ (E).
Proof. Assume that η is strongly definable. Then there exists a representation Ω of G and
a definable CrG map f :X→G(Ω,k) such that η and f ∗(γ (Ω,k)) are definably CrG
vector bundle isomorphic, where k denotes the rank of η. Note that a definable Cr section
s of η can be identified with a definable Cr map s¯ :X→ Ω such that f (x)s¯(x) = s¯(x)
for any x ∈ X. A trivial G vector bundle X ×Ω clearly has a finite family of definable
Cr sections s1, . . . , sm, where m= dimΩ . Therefore we have the desired finite family of
definable Cr sections f s1, . . . , f sm.
Conversely, assume that η admits such a finite family of sections. Then s1, . . . , sn
determine a representation Ξ of G, and for each x ∈ X, s1(x), . . . , sn(x) define a vector
subspace Vx of Ξ . Hence the orthogonal projection F from Ξ onto Vx is a definable CrG
map, and η and F ∗(γ (Ξ, k)) are definable CrG vector bundle isomorphic. ✷
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To prove Theorem 1.8, we need a definable partition of unity and an approximation
theorem for definable CrG maps.
Proposition 4.8. Let X be a definable Cr submanifold of Rn and let {Ui}li=1 be a finite
open definable covering of X and 0  r <∞. Then there exist definable Cr functions
λ1, . . . , λl :X→R such that 0 λi  1, suppλi ⊂Ui and ∑li=1 λi(x)= 1 for any x ∈X.
IfM is exponential and X is compact, then we can take r =∞.
We call {λi} in Proposition 4.8 a definable Cr partition of unity subordinate to {Ui}.
Proof. By [9, 3.2], we may assume that X is closed in Rn. Thus every Rn − Ui is
a closed definable subset of Rn. Hence by [6], for each i , there exists a definable Cr
function hi :Rn → R with h−1i (0) = Rn − Ui . For any i , define Vi = {x ∈ X | hi(x) >
1
2 max1jl hj (x)}. Then {Vi}li=1 forms an open definable covering of X and the closure
Vi of Vi in X lies in Ui . By the above argument, for each i we can find a definable Cr
function h′i :Rn → R with h′−1i (0)= Rn − Vi . Therefore λi = h′i/
∑l
i=1 h′i ,1 i  l, are
the required definable Cr functions.
Assume that M is exponential and X is compact. It follows from the definition of
definable Cr manifolds and Lemma 3.2 that for any x ∈X, there exists an open definable
neighborhood Ux of x in X and a definable C∞ function fx :Ux → R such that Ux lies
in some Ui,0  fx  1, suppfx ⊂ Ux , and X =⋃x∈X{y ∈ Ux | fx(y) > 0}. Since X is
compact, there exist x1, . . . , xm such that X =⋃mi=1{y ∈ Ux | fxi (y) > 0}. Let Ii = {j ∈
{1, . . . ,m} |Uxj ⊂Ui},1 i  l and let λ′i =
∑
j∈Ii fxj . Then λi = λ′i/
∑l
i=1 λ′i ,1 i  l
are the required functions. ✷
Recall the argument defining CrX topology in [22, Section II.5].
Let X and Y be definable Cr submanifolds of Rn and Rm, respectively, and 0 r  ω.
Let Crdef (X,Y ) denote the set of definable C
r maps from X to Y .
For f ∈ Crdef (X,Y ) and x ∈X, the differential dfx of f at x means a linear map from
the tangent space TxX of X at x to Rm. Composing it with the orthogonal projectionRn →
TxX, one can extend dfx to a linear map Rn → Rm. Then Df :X→M(m,n;R)= Rmn
is defined as the matrix representation of df .
For each 1 k  r , we inductively define a Cr−k map
Dkf :X→Rnkm, Dkf =D(Dk−1f ).
Let ‖f ‖r denote the definable function on X defined by
‖f ‖r (x)=
∣∣f (x)∣∣+ ∣∣Df (x)∣∣+ · · · + ∣∣Drf (x)∣∣.
For a positive continuous definable function ε :X→R, let
Uε =
{
h ∈Crdef (X,Y ) | ‖h‖r < ε
}
.
We call the definable Cr topology on Crdef (X,Y ) the topology defined by choosing
{h+Uε}ε as a fundamental neighborhood system of h in Crdef (X,Y ).
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If X is compact, then this topology coincides with the Cr topology [22, p. 156].
The following is a fundamental property of the definable Cr topology, which is obtained
by (i), (ii), (iii) in [22, p. 159] and [22, II.5.11] because the image of a definable set by a
definable map is definable.
Proposition 4.9 [22]. Let X and Y be definableCr submanifoldsRn andRm, respectively.
Let Z be another definable Cr submanifold of Rl and let f ∈ Crdef (X,Y ) and h ∈
Crdef (Y,Z).
(1) The map h∗ :Crdef (X,Y )→Crdef (X,Z),h∗(k)= h ◦ k is continuous.
(2) The map f ∗ :Crdef (Y,Z] → Crdef (X,Z),f ∗(k)= k ◦ f is continuous if and only if
f is proper, namely f−1(C) is compact if C ⊂ Y is compact.
The following proposition is obtained by [22, II.5.3] and [22, II.5.11].
Proposition 4.10 [22]. Let X and Y be definable Cr submanifolds of Rn and 0 <
r < ∞. Let f :X → Y be a definable Cr map. If f is an immersion (respectively a
diffeomorphism, a diffeomorphism onto its image), then an approximation of f in the
definable Cr topology is an immersion (respectively a diffeomorphism, a diffeomorphism
onto its image). Moreover if f is a diffeomorphism, then h−1 → f−1 as h→ f .
By [22, II.5.2] and [22, II.5.11], we have the following.
Theorem 4.11 [22]. Let X and Y be affine definable Cr manifolds and 0  k < r <∞.
Then every definable Ck map f :X→ Y is approximated in the definable Ck topology by
definable Cr maps.
In Theorem 4.11 we can take r =∞ ifM=R (see [23, II.4.1]).
Let 0 < r <∞ and let G be a compact definable Cr group. Let X be a definable CrG
submanifold in a representation Ω of G. A definable CrG bent tubular neighborhood
(U,χ,ψ,X) of X in Ω consists of a G invariant open definable neighborhood U of
X in Ω , a definable CrG submersion χ :U → X, a definable CrG map ψ :X →
G(Ω,dimΩ − dimX) and a positive continuous definable function ε :X→ R such that
χ−1(x)= x + {y ∈ (x) | ‖y‖< ε}, x ∈X and the map {(x, y) ∈X ×Ω | y ∈ χ−1(x)}→
Ω,(x, y) 
→ x + y ∈Ω is a definable CrG diffeomorphism onto U , where ‖y‖ denotes
the standard norm of y in Ω .
Lemma 4.12. If G is a finite group and 0 < r < ∞, then every definable CrG sub-
manifold X in a representation Ω admits a definable CrG bent tubular neighborhood
in Ω .
Proof. Let ψ1 :X → G(Ω,dimX) and ψ2 :X → G(Ω,dimΩ − dimX) be the charac-
teristic maps of the tangent bundle of X and the normal bundle of X in Ω , respectively.
As in the proof of Proposition 4.14 below, ψ1 and ψ2 are definable Cr−1G maps. By
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Theorem 4.11 and Propositions 4.3 and 2.24, ψ2 is approximated by a definable CrG
map ψ˜2 :X→ G(Ω,dimΩ − dimX) such that ψ1(x)+ ψ˜2(x) =Ω for any x ∈ X. Let
(L,q,X) = ψ˜∗2 (γ (Ω,dimΩ − dimX)). Then ψ˜∗2 (γ (Ω,dimΩ − dimX)) is a definable
CrG vector bundle over X, L = {(x, y) ∈ X ×Ω | y ∈ ψ˜2(x)} and q is the restriction of
the projection from X ×Ω onto X. Let θ :L→Ω,θ(x, y)= x + y . Then there exists a
positive continuous definable function ε such that the restriction of θ to Lε := {(x, y) ∈L |
‖y‖< ε(x)} is a definable CrG imbedding. Therefore U = θ(Lε),χ = q ◦ θ−1, ψ = ψ2
fulfill the requirements. ✷
By Theorem 4.11, Proposition 4.3, Lemma 4.12, and Proposition 4.9, we have the
following equivariant version of Theorem 4.11.
Theorem 4.13. Let G be a finite group. Let X and Y be affine definable CrG manifolds
and 0  k < r <∞. Then every definable CkG map f :X→ Y is approximated in the
definable Ck topology by definable CrG maps.
Proof of Theorem 1.8. (1) It suffices to construct a finite family of definable Cr sections
of η as in Lemma 4.7. By the definition of definableCr vector bundles, η has a finite family
of definable local trivializations (Ui,φi :Ui × Rk → π−1(Ui))li=1, where k denotes the
rank of η. By Proposition 4.8, we can find a definable Cr partition of unity {λi} subordinate
to {Ui}. Thus we have global definable Cr sections sij (x)= φi(x,λ(x)ej ), 1 i  l, 1
j  k, where ej denotes the j th fundamental vector of Rk . Since G is finite, we obtain the
required finite family of sections {g · sij | 1 i  l, 1 j  k, g ∈G}.
(2) Let ζ be a definable CsG vector bundle over X of rank k′. Then by (1), we can
find a representation Ω of G and a definable CsG map f :X → G(Ω,k′) such that ζ
and f ∗(γ (Ω,k′)) are definably CsG vector bundle isomorphic. By Theorem 4.13, there
exists a definable CrG map h :X → G(Ω,k′) as an approximation of f . It suffices to
show that ζ1 := f ∗(γ (Ω,k′)) and ζ2 := h∗(γ (Ω,k′)) are definably CsG vector bundle
isomorphic because ζ2 is a definable CrG vector bundle. By Proposition 4.5, ζ3 :=
Hom(ζ1, ζ2) is a strongly definable CsG vector bundle. By Theorem 4.6 and since f and
h are G homotopic, ζ1 is G vector bundle isomorphic to ζ2. Since X is compact, every
continuous G map is approximated by polynomial G maps. Thus by a way similar to the
proof of Theorem 1.7(2), ζ1 and ζ2 are definably CsG vector bundle isomorphic. Using
Theorem 4.13, the latter half of (2) follows from a way similar to the above argument.
(3) Assume thatM is exponential and X is compact. Let ξ = (E,p,X) be a definable
C∞G vector bundle over X. By the definition of definable C∞ vector bundles, there
exist a finite open definable covering {Ui}mi=1 of X and local definable C∞ sections
hij :Ui →E, 1 i m, 1 j m′, where m′ denotes the rank of ξ . By Proposition 4.8,
we can find a definable C∞ partition of unity {λi}mi=1 subordinate to Ui . Thus sij (x) :=
λi(x)hij (x), 1  i  m, 1  j  m′. By a way similar to (1), we have the required
definable C∞ sections. Therefore we can take r =∞ in (1).
Using the polynomial approximation theorem and Proposition 4.3, we have the latter
half of (3). ✷
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Note that the total space of a definable CrG vector bundle is affine if G is finite
and r < ∞, or G is finite, M is exponential, X is compact and r = ∞. If r = ∞,
then the following proposition holds, but which is not used to prove Proposition 1.9,
Corollaries 1.10 and 1.11.
Proposition 4.14. Let G be a compact definable C∞ group and let η = (E,p,X) be a
definable C∞G vector bundle of rank k over an affine definable C∞G manifold X. Then
η is strongly definable if and only if E is affine.
Proof. If η is strongly definable, then there exist a definable C∞G map f from X to some
G(Ω,k) such that η is definably C∞G vector bundle isomorphic to f ∗(γ (Ω,k)). Since
the total space of f ∗(γ (Ω,k)) is affine, E is affine.
Conversely, we assume that E is a definable C∞G submanifold of a representation Ξ
of G. Let
F1 :X→M(Ξ), F1(x)= the matrix projecting TxΞ onto TxE,
F2 :X→M(Ξ), F2(x)= the matrix projecting TxΞ onto TxX.
Then F1 and F2 are definable maps by a way similar to [23, proof of I.3.3], thus they
are definable C∞ maps. By the definition of G action, they are G maps. Hence they are
definable C∞G maps. Let
F :X→G(Ξ,k), F = (id−F2)F1.
Then η is definably C∞G vector bundle isomorphic to F ∗(γ (Ξ, k)). Therefore η is
strongly definable. ✷
Proof of Proposition 1.9. If G is a finite group, then the result follows from Theorem 4.13.
Assume that X has only one orbit type. Then by the paragraph after Theorem 1.4, and by
Theorem 2.6, X/G is an affine definable C∞G manifold and the projection π :X→X/G
is a proper definable C∞ map. Since f is equivariant, f induces a definable Ck map
f :X/G→ Y such that f = f ◦ π . Applying Theorem 4.11, we have a definable Cr map
h :X/G→ Y as an approximation of f in the definable Ck topology. Thus h ◦ π is the
desired approximation of f because π is proper and Proposition 4.9.
IfM=R, then we can take r =∞ by the above argument and Theorem 4.11. ✷
Corollary 1.10 follows from Propositions 1.9 and 4.10.
Proof of Corollary 1.11. (1) By Proposition 4.5, Hom(η1, η2) is a strongly definable
CrG vector bundle over X. Take a representation Ξ of G and a definable CrG map
f :X → Ξ such that Hom(η1, η2) and f ∗(γ (Ξ, k)) are definably CrG vector bundle
isomorphic, where k denotes the rank of Hom(η1, η2). Thus a continuous definable G
section (respectively a definable CrG section) s of Hom(η1, η2) corresponds a continuous
definableGmap (respectively a definableCrG map) s¯ :X→Ξ such that f (x)s¯(x)= s¯(x)
for any x ∈ X. Since η1 and η2 are definable G vector bundle isomorphic, there exists
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a continuous definable G section s of Iso(η1, η2) ⊂ Hom(η1, η2). Thus it defines a
continuous definable G map s′ :X→ Ξ such that f (x)s′(x) = s′(x) for any x ∈ X. By
Proposition 1.9, we can find a definable CrG map s′′ :X → Ξ as an approximation of
s′ in the definable C0 topology. Hence s¯(x) := f (x)s′′(x) is an approximation of s by
Proposition 4.9 and since s′(x)= f (x)s′(x) for any x ∈X. Thus s¯ defines a definableCrG
section s˜ of Hom(η1, η2). If this approximation is sufficiently close, then s¯ ∈ Iso(η1, η2)⊂
Hom(η1, η2). Therefore s˜ give a definable CrG vector bundle isomorphism between η1
and η2.
By the above argument, we can take r =∞ ifM=R. ✷
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